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ABSTRACT
It has been recently argued that interacting self-avoiding walks (ISAW) of
length ℓ, in their low temperature phase (i.e. below the Θ-point) should have a
partition function of the form:
Qℓ ∼ µ
ℓ
0µ
ℓσ
1 ℓ
γ−1 ,
where µ0(T ) and µ1(T ) are respectively bulk and perimeter monomer fugacities,
both depending on the temperature T. In d dimensions the exponent σ could be
close to (d − 1)/d, corresponding to a (d − 1)-dimensional interface, while the
configuration exponent γ should be universal in the whole collapsed phase. This
was supported by a numerical study of 2D partially directed SAWs for which
σ ≃ 1/2 was found. I point out here that formula (1) already appeared at several
places in the two-dimensional case for which σ = 1/2, and for which one can even
conjecture the exact value of γ.
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2It has been recently argued [1] that interacting self-avoiding walks (ISAW) of length
ℓ, in their low temperature phase (i.e. below the Θ-point) should have a partition function
of the form:
Qℓ ∼ µ
ℓ
0µ
ℓσ
1 ℓ
γ−1 , (1)
where µ0(T ) and µ1(T ) are respectively bulk and perimeter monomer fugacities, both
depending on the temperature T. In d dimensions the exponent σ could be close to (d−1)/d,
corresponding to a (d−1)-dimensional interface, while the configuration exponent γ should
be universal in the whole collapsed phase. This was supported by a numerical study of 2D
partially directed SAWs for which σ ≃ 1/2 was found [1]. I point out here that formula
(1) already appeared at several places [2,3] in the two-dimensional case for which σ = 1/2,
and for which one can even conjecture the exact value of γ.
Dense 2D polymers filling a finite fraction f > 0 of a lattice have indeed been studied
in detail in [2]. The following formulae were conjectured for the numbers of configurations
wDℓ of a dense linear chain, and w
D
0,ℓ of a dense loop
wDℓ ∼
[
µD(f)
]ℓ
e−B(f)
√
ℓℓγ¯−1 , (2)
wD0,ℓ ∼
[
µD(f)
]ℓ
e−B(f)
√
ℓℓγ¯0−1 , (3)
where the bulk fugacity µD(f) and the perimeter free energy B(f) [4] depend on the filling
fraction f. This is just (1) where σ = 1/2 and γ = γ¯, and where the temperature T simply
drives an effective value of f in the ISAW model. Moreover, the ratio wDℓ /w
D
0,ℓ ∼ ℓ
γD has
been argued to be universal and governed by the exponent γD ≡ γ¯ − γ¯0 = 19/16 given
by a conformal field theory with a central charge c = −2 [2]. Formula (3) was explicitly
calculated for Hamiltonian walks on the Manhattan lattice [3] (i.e. for f = 1), as well as
the analogue of (2) for corner-to-corner walks, yielding the surface exponent γ¯11 and its
c = −2 universal part γD11 ≡ γ¯11 − γ¯0 = 5/8 [3].
The value of the loop exponent γ¯0 itself (hence γ¯) does depend on the boundary
conditions (periodic or free) imposed to the dense walk, and in the latter case also of the
shape of the boundary domain [3]. The case of Ref.[1] clearly corresponds to free boundary
conditions. In Ref.[3], the value of γ¯0 was given for a boundary made of N wedges i of
3angles αi, and separated by N smooth arcs Γj of local curvature radius ρ,
γ¯0 − 1 = −ζ(0) (4)
ζ(0) =
N∑
i=1
1
24
(
π
αi
−
αi
π
)
+
N∑
j=1
1
12π
∫
Γj
ds
ρ
, (5)
a result taken from the spectral theory of the Dirichlet Laplacian [5].
When one lets the walk collapse by lowering T, as in [1], no perimeter shape is imposed,
but admitting in 2D σ = 1/2 actually amounts to a perimeter with Hausdorff dimension
1. A number N −→∞ of smooth wedges in the walks boundary, i.e. a smooth perimeter,
then seems the most likely. In Eq.(5), the smooth arc term is the continuous limit of the
discrete wedge term. Thus, when N −→ ∞, ζ(0) reaches a universal value 112π ×2π = 1/6,
valid for any simple smooth perimeter curve enclosing the walk. It can be shown that this
value also bounds (5) from below, yielding the maximal value γ¯0 = 5/6. This substantiates
our conjecture that collapsed ISAW would have predominantly smooth perimeters, with
loop and open chain exponents
γ¯0 = 5/6 , γ = γ¯0 + γ
D = 97/48,
for which a numerical check would be welcome.
Notice that at T = 0 exactly, the polymer phase should be Hamiltonian and might
depend crucially on the minimal polygonal energy adapted to the lattice, and the discrete
version of (5) could again apply.
Finally, the value γG for any collapsed network G is then obtained from γ¯0 = 5/6 and
the theory developed in [3,2].
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